The acoustic waves generated by moving bodies and the movement of bodies by acoustic waves are central phenomena in the operation of musical instruments and in everyday's experiences like the movement of a boat on a lake by the wake generated by a propelled ship. Previous works have successfully simulated the interaction between a moving body and a lattice-Boltzmann fluid by immersed boundary methods. Hereby, we show how to implement the same coupling in the case of a Lattice-Boltzmann for waves, i.e. a LBGK model that directly recovers the wave equation in a linear medium, without modeling fluids. The coupling is performed by matching the displacement at the medium-solid boundary and via the pressure, which characterizes the forces undergone by the medium and the immersed body. The proposed model simplifies the preceeding immersed boundary methods and reduces the calculations steps. The method is illustrated by simulating the movement of immersed bodies in two dimensions, like the displacement of a two-dimensional disk due to an incoming wave or the wake generated by a moving object in a medium at rest. The proposal consitutes a valuable tool for the study of acoustical waves by lattice-Boltzmann methods.
Introduction
Lattice-Boltzmann models are useful tools to simulate a wide variety of processes in fluid dynamics, from capillarity and hydrodynamic instabilities to porous media and general rheology. Furthermore, in recent years its applications have been extended to other systems whose behavior is governed by a set of conservation laws, like electrodynamics or waves [1, 2, 3] , extending the concept of lattice-Boltzmann from a mesoscopic model to simulate fluids to a general numerical scheme to solve more general differential equations. The main advantage of this scheme is its local nature, because all variables needed to compute the time evolution of a single node before writing them in the neighboring nodes are present in the node itself, making them perfect to run parallel on graphic cards. Furthermore, due to its mesoscopic approach, the inclusion of physical ingredients like inter-particle interactions or body forces can be done naturally.
Because of its versatility and parallel nature, lattice-Boltzmann methods has gained the interest of a wide range of research areas and industrial applications.
An important issue with great scientific and industrial interest is the coupling between solid (rigid or flexible) moving objects and a surrounding fluid. However, this coupling is not an easy task if the fluid is modeled by a lattice-Boltzmann, due to its Eulerian nature, in contrast with the Lagrangian character of the moving object. Thus, it is necessary to establish a proper communication between the fluid and the solid, through a consistent set of boundary conditions. In 2014 Favier, Revell and Pinelli [4] proposed a Immersed Boundary method for a lattice-Boltzmann model for fluids, inherit from that for Finite Element methods, to simulate the interaction between rigid an flexible objects. With this model, Favier et. al. studied the drafting, kissing and tumbling process of two sediment particles, and the dynamics of a flexible filament immersed in a fluid flux. Despite the great usefulness of this method, it requires a complicated algorithm to compute the two directional solid-fluid interaction and, it requires an additional lattice-Boltzmann calculation for every time step, increasing CPU time. Because Favier's approach is relatively new, it has not been extended to systems apart of fluids, like electrodynamics or mechanical waves. Nevertheless, the wave-solid coupling is fundamental to describe systems like the wake generated by a boat on the surface of a lake, the sound generated by a musical instrument or the vibrational response of a solid object receiving the impact of a shock wave.
In this work, we extend the coupling proposed by Favier et. al. to reproduce the interaction between a lattice-Boltzmann model for acoustic waves and solid objects. Section 2 reviews the lattice-Boltzmann method for mechanical waves [2,?] and introduces the new approach to simulate the wave-solid interactions. Section 4 uses the new model to simulate the movement of a solid disk due to the impact of a mechanical wave and, the wake generated by mobile objects with different shapes immersed in a compressible media. Finally, we summarize the main results and conclusions in Section 5.
lattice-Boltzmann method for the simulation of mechanical waves
The lattice-Boltzmann model for acoustic waves in two dimensions divides the space into square cells of equal size, as usual. There is also a discrete set of velocity vectors ξ i connecting each cell with its neighbors (Fig. 1) . Furthermore, each cell at poition x contains a set of distribution functions f i (x, t), each one attached to a discrete velocity and representing the probability density of finding a fluid particle there with such velocity at a given time. The physical information of the system is obtained by computing the statistical moments of those distribution functions, which correspond to the fields of macroscopic variables. Next, these macroscopic variables are used to compute equilibrium values f eq i for the distribution functions. The distribuion functions evolve according to the discrete kinetic lattice-Boltzmann equation in the BGK approximation [5] ,
Here, τ = 0.5 is known as the relaxation time, and the index i runs over the set of discrete velocities. Finally, each distribution function travels to the neighboring cell with the velocity vector it is associated to. The procedure repeats for each timestep. The statistical moments of the distribution functions give the macroscopic fields. In our case, these interesting quantities will be the pressure,
whose physical meaning will be discussed later, and a stress tensor, given by
As shown in [2] , these fields fulfill the following conservation laws
Note that if we could define f eq i such that
with c a constant, we would have
and Eq. (5) and (6) could be combined to obtain a wave equation for P ,
The constant c shows to be the wave velocity. In addition, because the pressure in an acoustic wave is related with the mean displacement D of the particles in the fluid through the relation P = −B∇ · D where B is the bulk modulus [6] , Eq. 5 say us that the macroscopic quantity J is related with the displacement velocity
The problem reduces, therefore, to propose the appropriate equilibrium distribution function to guarantee at the same time the equations 2-4 and the condition 7. This can be done if the equilibrium distribution function takes the form (See Appendix A),
lattice-Boltzmann Immersed Boundary method for waves
Our goal now is to couple the previous model for acoustic waves with the dynamics of a rigid body. Part of this approach is based on the immersed boundary method proposed by Favier, Revell and Pinelli [4] for the coupling between immersed solid structures and fluids. We describe our model below.
Action of the wave on the solid.
In a lattice-Boltzmann method the information is located on the lattice nodes, which remain fixed in space during the simulation. In contrast, the solid immersed object moves in space as time goes on. Let us divide the boundary of the solid immersed object into a set of M discrete surfaces, each one almost flat, with surface vector ∆s k pointing out of the object and centered at pointR k . Let us remember that we know the wave presure on each lattice node,
therefore, it is only necessary to determine how this pressure acts on the body surface. For this end, we interpolate among the nodes to find the value of the pressure at each pointR k with a kernel functioñ δ(r),
where the sum extends on all positions y l of the lattice Boltzmann nodes. In the present work we will use the kernelδ defined as (Fig. 2) δ (r) =
The total force exerted by the fluid on the immersed solid is, therefore,
Once the force acting on the object has been found, we can use any integrator to move the object and update its velocity and position on each timestep.
Action of the solid on the wave
Following the proposal of Favier, Revell and Pinelli, we introduce a forcing term at the discrete boundary solid points which ensures that the displacement velocity of the wave in the boundary matches the velocity of the discrete solid. Since the first moment J of the lattice-Boltzmann model is proportional to the velocity displacement D (Eq. 10), the forcing term will be indeed a change of the quantity J , i. e.
Here R k is the position of the k-th boundary solid point, U k is the velocity of that solid point (obtained from integrating its movement equations), and I (J ) (R k ) is the interpolated value of J at R k ,
where y l is the position of the l-th lattice node within the influence area (which, for the kernel Eq. (14) is just three cells width, see Fig. 2 ). Because this forcing term is located at the discrete boundary points, it is necessary to spread it out to the lattice nodes in order to force the wave simulated by the lattice-Boltzmann. This can be done by using the same interpolation kernel. The force on the l-th lattice node is
where k is a value that ensures the consistency between the interpolation and posterior spreading process, as follows. Let us fix a force at a certain solid point R k . Spread the force forth to the lattice nodes Eq.
(18) and back to the point R k Eq. (17). If the returned value is the same as the original one, the value of k is right. Unlike the model proposed by Favier, Revell and Pinelli, the force Eq. (18) will not be included in the collision term, because τ = 0.5, but just in the definition of the macroscopic quantity J ,
That completes the wave-solid interaction. The proposed method is completely general and can implement the interactions between wave and solid in many different phenomena. Furthermore, if desired, it also allows to propagate waves inside the solid, with the same or a different propagation speed, as we will illustrate with some examples.
Simulations and discussion
In order to prove our new model, we first study the effect of a mechanical wave on the movement of an object initially at rest, to this aim, we place a two-dimensional solid disk at the center of the computational domain and we define a sinusoidal perturbation coming from a corner of the domain. The boundary conditions at the walls are bounce-back with a damping factor equal to 0.6 in order to control the amplitude of the perturbation and achieve an stationary state. The resulting movement and the pressure profile is shown in the Figure 3 Note how the disc is displaced from the center in the same direction of the wave and the circular wavefront is disturbed by the change of velocity within the solid (bottom-left image). In order to track the displacement and make a more detailed study of the interaction, we trace the trajectory of the disk for simulations of different wave frequency and velocities ratio n = v s /c where v s is the wave velocity inside the solid and c = 0.1 in the medium, Figure 4 shows the result Where the frequency and velocity is measured in units of time steps ∆t = 1 computing clock pulse and unitary cells. Note that the trajectory greatly depends on the value of n and the frequency of the wave.
The Figure 5 shows the relation between the displacement of the disk as a function of the frequency, for different values of n of a straight line trajectory. Figure 5 . Displacement of the disk as a function of the wave frequency for different values of n As expected, disks whose wave velocity at the interior is low show a greater displacement than disks that do not present such a high resistance to the pressure vibrations. Respect to the frequency the displacement has a decreasing behavior, higher frequencies displaces the disk a shorter distance. This effect is stronger when the velocity of the wave inside the disk is 0.8, 0.9 and 1 times c (blue dotted lines), i.e. when the material has a low rigidity, for values of n equal to 0.5 0.6 and 0.7,(red dashed lines) there is a cutoff frequency from which the wave crosses the disk displacing it a considerably shorter distance. Note that the lower the velocities ratio is, the higher the cutoff frequency gets, this means that it is necessary a higher frequency to overpass a more rigid object. Furthermore, the relation between the displacement and the frequency for values of n < 0.7 is increasing for frequencies under the cutoff, even for n equal to 0.2, 0.3 and 0.4, where the skip is not too abrupt and the cutoff frequency does not appear clearly.
As a second part of our proves, now we start from a medium at rest and apply a force to the solid object in order to study the generated wakes. Figure 6 shows the wake generated by a disk with n = 0.6 at different time steps. The resulting wake is qualitatively as expected, it expands as the disk advances and a new wave moving out of the disk is generated when it hits the bottom wall. It is also interesting to study how the shape of the solid object influences the creation of the wake. Simulations of the same system for different shapes of the solid are shown here in Figure 7 . The results show that a sharper front of the moving object generates a stronger wake, i. e. the vertical ellipse generates a higher pressure behind it and the triangle formed by the intersection of the both sides of the wake tends to disappear when the solid becomes sharper.
The value of the angle formed by the wake respect with the vertical axis is compared with the theoretical expextations, this angle, known as Kelvin's angle [7] should be of 19.5
• , our results shown a deviation of 15% approximately, which can be due to the low order aproximation on the lattice velocities discretization. In addition, we study the convergence of our model by measuring the displacement of a rigid object due to the interaction with a pressure pulse as a function of the cell size ε, the result is shown here where ∆d is the difference between the meassured displacement and a theoretically known value. Fig.  9 shows that our model has second order accuracy, since the slope found was 2.3 approximately.
Conclusions
The proposed method simplifies the Immersed Boundary method for hydrodynamic simulations since it is not interested in the fluid dynamics but in the linear behaviour of the waves, the response of the medium to the moving object was introduced just by changing the velocity of propagation inside the solid body, this fact makes unnecessary to force the lattice-Boltzmann method, which not only simplifies the calculations but also reduces the computation steps compared with the method purposed by Favier et. al.
A strong dependence between the trajectory of the object, the velocity ratios and the wave frequency was found. The study shown three different behaviors of the straight line displacement as a function of the frequency, namely, when the wave velocity inside is near to the velocity outside, the displacement is monotonically decreasing, for objects whose velocities ratio is near to 0.5, there is a cutoff frequency from which the wave can cross the solid easily without displacing it a considerable amount, this cutoff frequency gets higher when the velocity ratio is lower, i. e. when the solid has a stronger resistance to the vibrations inside. When the velocities ratio becomes even lower, the cutoff frequency is not evident but the displacement still falls from a certain value of the frequency.
The effect of moving objects on the surrounding medium was also studied with this method, the generated wake satisfies the qualitative expectations. When the shape of the moving object was varied, a stronger pressure wake was found for sharper objects oriented to the direction of movement, for these objects, the wake is also nearer to its rear part which in turn propitiate the movement.
The model is easy to implement and allows us to control some physical variables like the pressure of the medium and the velocity of propagation inside and outside the solid object, in addition, the shape of the object is controlled by the position of the boundary points, whose dynamics is updated every time step, due to this fact, the shape of the object can be easily modelled and the simulation of flexible objects can be include naturally just by changing the dynamics of the rigid body.
